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0.1

Example of a dis rete-time Markov

hain

Consider an homogeneous dis rete-time Markov hain (D-MC) on the state-spa e E = {1, 2, 3} with
transition matrix P given by


0.2 0.2 0.6
P =  0 0.5 0.5  .
(1)
1
0
0
One often represents a D-MC through its transition diagram. In this ase it is given by
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1  Transition diagram

The rst type of question we may want to address is : given that the hain is in state 1 at time
t = 0, in what state will it be at time t = 4 ? There is no deterministi answer to this question sin e,
by onstru tion, at time t = 4 the hain an a priori be in any of the states 1, 2 and 3. A more
relevant question is : given that the hain is in state 1 at time t = 0, what is the probability that it
will be in state j at time t = 4 ?. The answer to the latter question is obtained using formula (10)
(Se tion 2.1. of the Le ture Notes), whi h will allow us to ompute π4 = (π4 (1), π4 (2), π4 (3)), where
we re all that is πn (i) the probability that the hain is in state i ∈ E at time t = n. Here, the initial
probability distribution π0 is given by
π0 = (1, 0, 0)
sin e we have spe ied that the hain is initially in state 1. We nd

π1 = (1,

0,




0.2 0.2 0.6
0)  0 0.5 0.5  = (0.2, 0.2, 0.6)
1
0
0



0.2 0.2 0.6
π2 = (0.2, 0.2, 0.6)  0 0.5 0.5  = (0.64, 0.14, 0.22)
1
0
0
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0.2 0.2 0.6
π3 = (0.64, 0.14, 0.22)  0 0.5 0.5  = (0.348, 0.198, 0.454)
1
0
0



0.2 0.2 0.6
π4 = (0.348, 0.198, 0.454)  0 0.5 0.5  = (0.5236, 0.1686, 0.3078).
1
0
0
In summary, at time t = 4, the hain will be
 in state 1 with probability 0.5236
 in state 2 with probability 0.1686
 in state 3 with probability 0.3078.
Let us now ompute the stationary probabilities. First, note that the hain is learly irredu ible and
aperiodi . Hen e ( f. Proposition 3), if we nd a unique stri tly positive solution to the system of
equations

x1 = 0.2x1 + 1.0x3



x2 = 0.2x1 + 0.5x2
 x3 = 0.6x1 + 0.5x3


1 = x1 + x2 + x3
then this solution will be the stationary distribution of this Markov hain, that is, limn→∞ πn (i)
will exist and will be given by xi for i ∈ E .
Solving for this system of equations gives

x = (5/11, 2/11, 4/11) ≃ (0.4545, 0.1818, 0.3636).

(2)

This solution being unique and stri tly positive we on lude that this is the stationary probability
of the hain, namely, limn→∞ πn (1) = 5/11, limn→∞ πn (2) = 2/11 and limn→∞ πn (3) = 4/11.
In Figure 2 we have simulated the traje tory of the hain for 50 time units (starting in state 3 in
red). The rst bar is the state of the hain at t = 1, the se ond at t = 2, et .

Fig.

2  Traje tory after 50 units of time

Note that the hain does not stay more that 1 time unit in state 3 (in red) whi h is normal sin e
the probability of looping ba k to state 3 is zero (i.e. p3,3 = 0). More pre isely, upon leaving state 3
(red) the hain always goes to state 1 (green) as p3,1 = 1 by denition of

P in (1). We also observe

that the state may stay several units of time in state 1 (green) and in state 2 (blue) but that it has
the tendan y to stay more often in state 2 (blue). This is also normal sin e p2,2 is larger than p3,3 .
If we ount the number of times that the hain has visited ea h state we nd
3

22 times in state 1,

8 times in state 2,

20 times in state 3

that is, in per entage of time it has stayed
44 % in state 1, 16 % in state 2, 40 % in state 3
whi h is already lose to the stationary probability found in (2).
If we observe the same traje tory for 100 units of time we obtain

Fig.

3  Traje tory after 100 units of time

that is the hain has visited
45 times state 1,

18 times state 2,

37 times state 3

that is, in per entage of time it has stayed
45 % in state 1,

18 % in state 2,

37 % in state 3

whi h is even loser from (2). There is a tually a theoreti al result saying that the transient probability (i.e. πn ) onverges geometri ally fast to the stationary probability (i.e. π ) as n → ∞. This
means that the onvergen e is fast in terms of units of time but not ne essarily in terms of real time
(it may be long when the unit of time is one year and very short if the unit of time is 1 nanose ond).
It should be lear that another experiment will give totally dierent results in Figures 2 and 3. For
instan e, starting from state 1 the hain may stay in state 1 for 50 onse utive units of time with
the probability (0.2)50 . This is highly unlikely ( !) but not impossible.
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